In a magnetic field bilayer graphene supports an octet of zero-energy Landau levels with an extra twofold degeneracy in Landau orbitals n = 0 and n = 1. It is shown that this orbital degeneracy is lifted due to Coulombic quantum fluctuations of the valence band (the Dirac sea); this is a quantum effect analogous to the Lamb shift in the hydrogen atom. A detailed study is made of how these zero-energy levels evolve, with filling, into a variety of pseudo-zero-mode Landau levels in the presence of possible spin and valley breaking and Coulomb interactions, and a comparison is made with experimental results.
I. INTRODUCTION
Graphene, [1] [2] [3] [4] [5] an atomic layer of graphite, supports as charge carriers Dirac fermions that lead to unique and promising electronic properties. Of particular interest recently are bilayers 6, 7 (and multilayers) of graphene, where an added layer degree of freedom combines with spin and valley degrees to make the physics of graphene far richer. In particular, bilayer graphene has the property that its band gap is externally controllable.
7-11
Quantum phenomena associated with Dirac fermions become prominent in a magnetic field. In a magnetic field graphene supports a set of characteristic zero-energy Landau levels, whose emergence and degeneracy have a topological origin in the nonzero index of the Dirac operators, or in the chiral anomaly in 1+1 dimensions.
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Monolayer graphene has four such zero-energy levels owing to the spin and valley degeneracy.
Bilayer graphene supports an octet of such zero-energy levels, due to an extra twofold degeneracy 7 in Landau orbitals n = 0 and n = 1. This orbital degeneracy brings about a new realm of quantum phenomena, [13] [14] [15] [16] [17] [18] such as orbital mixing and orbital-pseudospin waves. The eightfold degeneracy of the zero-energy levels is partially or fully lifted in the presence of Zeeman coupling, interlayer bias and Coulomb interactions, and these levels evolve into a variety of pseudo-zero-mode levels, or brokensymmetry states, as discussed theoretically in the context of quantum-Hall ferromagnetism 13 and others.
19,20
Experimentally the full splitting of the pseudo-zero-mode levels has been observed [21] [22] [23] 25 in bilayer graphene. A key feature of graphene is that graphene is an intrinsically many-body system of electrons equipped with the valence band that acts as the Dirac sea. Quantum fluctuations of the Dirac sea are sizable and lead to such quantum phenomena as velocity renormalization, 26 screening of charge, 27 and nontrivial Coulombic corrections to cyclotron resonance. [28] [29] [30] [31] [32] It will be important to ask how such quantum fluctuations affect the pseudo-zero-mode sector in bilayer graphene, in order to interpret experimental results on broken-symmetry states properly, The purpose of this paper is to study the structure and spectra of the pseudo-zero-mode sector in bilayer graphene. It is shown, in particular, that the orbital degeneracy of the zero-energy levels is lifted by Coulombic vacuum fluctuations, leading to an appreciable shift and splitting of the n = 0 and n = 1 levels; this is a quantum effect analogous to the Lamb shift 33, 34 in the hydrogen atom. This vacuum effect is correlated with the Coulomb interaction within the pseudo-zero-mode octet to yield eventually a particle-hole symmetric spectrum for this octet. Unexpectedly, a detailed analysis of the interlayer Coulomb interaction reveals negative capacitance energies for bilayer graphene, which suppress possible valley rotations in the pseudo-zero-mode sector. We discuss how this sector is split in spin, valley and orbital, with filling, in the presence of Zeeman coupling, interlayer bias and Coulomb interactions, and compare with experimental results.
In Sec. II we briefly review some basic features of the pseudo-zero-mode octet in bilayer graphene, and in Sec. III show that the orbital degeneracy of this octet is lifted due to quantum fluctuations. In Sec. IV we discuss in a simplified setting how this quantum effect cooperates with the Coulomb exchange interaction to determine the spectra of the pseudo-zero-mode levels. In Sec. V we take a close look into the valley breaking due to the interlayer Coulomb interaction. In Sec. VI we examine the hierarchy of broken-symmetry states under general and practical conditions with spin, valley and orbital breakings, and in Sec. VII compare with experimental results. Section VIII is devoted to a summary and discussion.
II. BILAYER GRAPHENE
Bilayer graphene consists of two coupled honeycomb lattices of carbon atoms in Bernal A ′ B stacking. The electrons in it are described by four-component spinor fields on the four inequivalent sites (A, B) and (A ′ , B ′ ) in the bottom and top layers, and their low-energy features are governed by the two inequivalent Fermi points
with S = diag(1, 1, −1, −1). In what follows we adopt H K | −u for H K ′ and simply pass to the K ′ valley by reversing the sign of u in the K-valley expressions. Nonzero bias u = 0 thus acts as a valley-symmetry breaking.
Let us place bilayer graphene in a strong uniform magnetic field B z = −B < 0 normal to the sample plane; we set, in H K , p → Π = p + eA with A = A x + iA y = B y, and denote the the magnetic length as ℓ = 1/ √ eB. It is easily seen that the eigenmodes of H K have the structure
with n = 0, 1, 2, · · ·, where only the orbital eigenmodes are shown using the standard harmonic-oscillator basis {|n } (with the understanding that |n = 0 for n < 0). The coefficients b n = (b
t for n = 2, 3, . . . are given by the eigenvectors of the reduced Hamiltonian
where
with v measured in units of 10 6 m/s and B in tesla, is the characteristic cyclotron energy for monolayer graphene; M ≡ 1 2 u/ω c and γ ′ ≡ γ 1 /ω c . The energy eigenvalues obey the secular equation
where ǫ ′ ≡ ǫ n /ω c . Let us denote the four solutions of the secular equation as ǫ − −n < ǫ −n < 0 < ǫ n < ǫ + n for each integer n ≥ 2 and |M | < 1, so that the index ±n reflects the sign of ǫ n . The eigenvectors b n for |n| ≥ 2 are written as
n /b
with b
(1)
n fixed by normalization |b n | = 1. These expressions are equally valid for ǫ n → ǫ ± n . Of our particular concern are the n = 0 and n = 1 modes. For n = 0,Ĥ red has an obvious eigenvalue ǫ 0 = t . For n = 1 Eq. (2.6) has three solutions (ǫ
| > γ 1 and we focus on ǫ 1 which is close to ǫ 0 . Let us set
The associated eigenvector b 1 is written as
Both z and z c , defined above, are functions of (M 2 , γ ′2 ), and are thus common to the K and K ′ valleys. They coincide for M = 0, z = z c = 2/(γ ′ 2 + 1); numerically, z ≈ 0.181 and c 2 1 ≈ 0.909 for M = 0 at B=10 T, with v ≈ 1.1×10 6 m/s and γ 1 ≈ 0.4 eV. These ǫ 0 and ǫ 1 modes are called the pseudo-zero-modes since they evolve from the zero-energy modes of the M = 0 case. For M = 0 there are eight such zero-energy Landau levels differing in spin, valley and orbital [n = (0, 1)] degrees of freedom; the presence of the zero-energy modes is dictated by the nonzero index 12,27 of the Dirac Hamiltonian H K ⊕ H K ′ . One can pass to the K ′ valley by setting M → −M in the K valley expressions. The spectra (ǫ 0 , ǫ 1 ) thereby change sign but for later convenience we continue to use n = (0, 1) to specify the pseudo-zero-mode levels at the K ′ valley; we thus write ǫ n | K ′ = −ǫ n | K for n ∈ (0, 1). The eigensystems at the two valleys are related as
for |n| ≥ 2 [and for n ∈ (0, 1) as well if one sets ±0 → 0 and ±1 → 1]. The Landau-level structure is made explicit by passing to the |n, y 0 basis (with
x|n, y 0 {ψ n;a α (y 0 )}, where n refers to the Landau level index, α ∈ (↑, ↓) to the electron spin and a ∈ (K, K ′ ) to the valley. The charge density The coefficient matrix g
it is understood that f kn p = 0 for k < 0 or n < 0. As seen from Eq. (2.10), they are related at the two valleys so that
where it is understood that one sets ±1 → 1 and ±0 → 0. Within the n ∈ (0, 1) sector, they are common to both valleys, 15) so that the valley index a may be suppressed. From now on we frequently suppress summations over levels n, spins α and valleys a, with the convention that the sum is taken over repeated indices. The Hamiltonian H bi projected to the octet of pseudo-zero-mode Landau levels is thereby written as . Here the Zeeman term µ Z ≡ g * µ B B is introduced via the spin matrix T 3 = σ 3 /2, As interlayer bias u is turned on, these n = (0, 1) levels go up or down oppositely at the two valleys. Nonzero u thus critically breaks the valley symmetry of the n = (0, 1) sector.
III. VACUUM FLUCTUATIONS
The Coulomb interaction is written as
where v p = 2πα/(ǫ b |p|) is the Coulomb potential with α = e 2 /(4πǫ 0 ) ≈ 1/137 and the substrate dielectric constant
In this section we show that the orbital degeneracy of the pseudo-zero-mode octet is lifted by Coulombic quantum fluctuations of the valence band (the Dirac sea).
Let us define the Dirac sea |DS as the valence band with levels with n ≤ −2 are all filled. We take the expectation value DS|V |DS to construct the effective Hamiltonian that governs the electron states over |DS . The best way to achieve this is to construct the Hartree-Fock (HF) Hamiltonian V HF out of V . In this paper we generally focus on many-body ground states |G with a homogeneous density, realized at integer filling factor ν ∈ [−4, 4], and set the expectation values G|R mn;ab αβ;k |G = δ k,0 ρ 0 ν mn;ab αβ with ρ 0 = 1/(2πℓ 2 ) and δ k,0 = (2π) 2 δ 2 (k). Accordingly, the filling factor ν nn;aa αα = 1 when the Landau level specified by (n, a, α) is filled up.
Let us divide V HF into two parts,
while the exchange interaction is written as
note that g mn;a p=0 = δ mn . In V D and V X we sum over filled levels (m, n) and retain the pseudo-zero-mode sector m ′ , n ′ ∈ (0, 1). As usual, the direct term V D with a divergent factor v p→0 is removed if one takes into account neutralizing uniform positive background charges.
Let us first extract, out of V X , the contribution from the Dirac sea, i.e., all filled levels with n ≤ −2,
where the sum over m ′ ∈ (0, 1), a ∈ (K, K ′ ) and α ∈ (↑, ↓) is understood. Actually, the sum over infinitely many filled levels with −N L < n ≤ −2 gives rise to an ultraviolet divergence with N L → ∞.
Fortunately one can isolate the divergence and even evaluate V 
We have independently confirmed this result by direct numerical calculations. The e
2 /2 term in Eq. (3.6) leads to a divergence upon integration over p; it is, however, common to all levels m ′ and is safely omitted. We thus take − 
Numerically, for γ 1 = 0.4 eV, v = 1.1 × 10 6 m/s and M = 0, one has c Vacuum fluctuations from the Dirac sea thus shift and split the n = 0 and n = 1 levels; this is somewhat contrary to the common wisdom that filled levels can be regarded as dormant, with no active role to play. The energy splitting
reflects the difference in their spatial distributions, as is clear from Eq. (3.8). The n = 0 levels become higher in energy than the n = 1 levels, when they are unoccupied. Actually their relative positions vary with the filling of the n = (0, 1) sector. To get a rough idea about how they vary, let us suppose filling the n = 1 levels first (for u = µ Z = 0). Equation ( Let us next suppose that a pair of n = 0 and n = 1 levels of the same spin or valley were filled (in the presence of some spin or valley breaking). One would then find that ǫ 
IV. HF CALCULATION
In this section we examine the level structure of the pseudo-zero-mode sector more quantitatively. To this end, let us extract from V X in Eq. (3.3) the exchange interaction acting within the n = (0, 1) sector, The vacuum orbital splitting ∆ǫ v = 1 8 CṼ c , u and µ Z would in general compete to determine how the pseudozero-mode octet is split in orbital, valley and spin when it is gradually filled with electrons. In practice, a relatively weak bias u can easily overtake the Zeeman energy we allow u to be arbitrary but keep |u| <Ṽ c . See Fig. 1 , which depicts the empty n = (0, 1) sector (at ν = −4) governed by H u + V DS X , with level spectra
where ǫ na α stands for the energy (per particle) of the n aα level with orbital index n ∈ (0, 1), valley a ∈ (+, −) and spin α ∈ (↑, ↓). For valley indices we use (+, −) to specify that the (-) state is lower in energy than the (+) state for each n and spin α; accordingly, (+, −) = (K, K ′ ) for u > 0. There are two possible level patterns, depending
For definiteness, in this section we assume µ Z ≫ |u| or even set u → 0, and examine the hierarchy of broken-symmetry states of case (i); we discuss the general case with both u and µ Z later. In this setting, H u practically has little effect on the ground-state energies (since µ Z /V c ≪ 1). Accordingly, and for further simplification, we keep in mind that H u triggers spin breaking, suppress it and focus only on V ≡ V DS X + V pz X in what follows. To diagonalize the exchange interaction V we proceed as follows: Note again that V is invariant under rotations in spin and valley. Spins and valleys, if driven externally, can therefore easily rotate. Obviously, under the magnetic field B z = −B, spins remain polarized in (↑, ↓). Valleys may, however, rotate, (K, K ′ ) → (+, −). We suppose that the spin (↑, ↓) and the rotated valley (+, −) are good quantum numbers, and diagonalize each (valley, spin) sector via rotations in orbital n = (0, 1) space. We thus rotate ψ 
using the SU(2) matrix
By construction the orbital rotations (θ, φ) refer to each (valley, spin) sector, i.e., (θ, φ) → (θ aα , φ aα ); for conciseness, we suppress this reference. For the transformed fields Φ n;a α we use n = (0, 1) and a = (+, −). then reveals that θ = 0 for 0 ≤ n 1 < 1/2 while θ rises to π/2 as n 1 is increased from 1/2 to 1; see Fig. 2 (a) . We thus find that the filled Φ Among the empty levels at ν = −2 the lowest one is the 1 +↓ level, rather than 1 −↑ , for µ Z > u. To reach the ν = −1 state, one therefore has to fill this 1 +↓ level. The analysis is essentially the same as for the ν = −3 case, and one finds the filled 1 m+↓ and empty 0 m+↓ levels of energy ∓ Repeating essentially the same analysis for the spin-up sector takes one to 0 ≤ ν ≤ 4. The resulting spectrum is electron-hole symmetric, as shown in Fig. 2 (b) .
V. INTERLAYER COULOMB INTERACTION
The Coulomb potential between the two layers slightly differs from the intralayer potential v p , and leads to a weak valley-SU(2) breaking. In this section we examine the effect of this breaking.
The relevant Coulomb interaction is written as 
it is thus unnecessary to specify their valley indices. Let us now substitute v 
where δh 
with n ∈ (0, 1), t(θ) ≡ 
pz we have omitted terms (· · ·) ∝ t ′ (θ) that eventually vanish when t(θ) is chosen to be stationary.
The valley-dependent term −t(θ) Γ W in ∆V pz involves capacitance energies, defined as This has an important consequence: It is easily seen that G|Γ W |G < 0 for the possible ground states |G discussed in the previous section. The capacitance energy of the n = (0, 1) sector therefore is minimized for t(θ) = 0, orθ = 0, π, which implies that there arise essentially no valley rotations in the pseudo-zero-mode sector in bilayer graphene. This is in sharp contrast to conventional quantum Hall (QH) systems, for which positive capacitance energies favor valley-symmetric and antisymmetric combinations (θ = π/2) for eigenstates. Normally both direct and exchange interactions contribute to the capacitance energy and their contributions tend to cancel for zero layer separation d → 0 or to O(W ); this leaves positive O(d 2 /ℓ 2 ) capacitance energies for conventional systems. These negative capacitance energies for the n = (0, 1) sector are traced back to the fact that the n = 1 modes, in particular, are distributed on both layers with ratio 1 to z/2 in amplitude, or with ratio 1 −z/2 toz/2 in charge, as seen from Eqs. (2.9) and (5.3). The direct Coulomb interaction thereby gets somewhat weaker (r 0 , r 1 < 1) and is overtaken by the exchange contribution, leaving (ǫ We study the effect of this O(W ) valley breaking as a perturbation to the eigenstates found in Sec. IV. One may set t(θ) = 0 and read from Eq. (5.9) the O(W ) corrections to the spectrum: 
(5.14)
VI. GENERAL CASE
We have so far supposed that µ Z ≫ u ∼ 0. Let us now relax it and consider the full effective Hamiltonian 
Let us look at Fig. 1 again, which depicts the empty n = (0, 1) sector for the two cases, (i) (1 − z)u < µ Z and (ii) (1 − z)u > µ Z ; see also Fig. 3 . There the lowest-lying level is 1 −↓ in both cases and is filled first. As the 1 −↓ level is being filled, it comes down in energy, followed by the 0 −↓ level (of the same valley and spin) paired via the exchange interaction. The ν = −3 state will therefore consist of the filled 1 m−↓ and empty 0 m−↓ levels of energy
which lead to an orbital gap,
As a result, the ν = −2 state is also unique and consists of the filled (1 −↓ , 0 −↓ )| θ=π levels, polarized in both valley and spin. (If, instead, an empty n = 1 level were to come down in passing to ν = 2, it would lead to an orbital-polarized ν = −2 state, which is energetically not favored, as noted at the end of Sec. III. We therefore exclude this possibility.) Among the empty levels at ν = −2 the lowest-lying level is either 1 −↑ or 1 +↓ , depending on case (i) and (ii). Comparing their energy levels reveals that 1 −↑ is lower for u < u cr , and vice versa, with the critical value u cr given by 5) where λ(z) ≡ 2 − 3z +z 2 . Cases (i) and (ii) are thus distinguished by this more precise criterion u < u cr and u > u cr . Correspondingly, the ν = −2 level gap differs in structure for the two cases,
The ν = −2 gap changes from a valley gap to a spin gap as u is increased across u cr . It is spin-polarized for u < u cr while it is valley-polarized for u > u cr , with a level gap
It will be clear now how to reach the ν = 1 ∼ 4 states. One eventually finds that the pseudo-zero-mode octet has perfectly particle-hole symmetric spectra, as shown in Fig. 3 for each integer filling factor ν ∈ [−4, 4]. It is evident from the figures how each level behaves as the n = (0, 1) sector is gradually filled, and that the spectra change in pattern for u < u cr and for u > u cr . It turns out that the level gaps at odd integer filling are all purely orbital gaps of the same magnitude, ǫ gap ν=±3 = ǫ gap ν=±1 , which are relatively small and insensitive to both µ Z and u. It is interesting to examine experimentally how these possible gaps respond to a tilted magnetic field. An additional parallel magnetic field B effectively works to increase µ Z and u cr . Equation (6.4) therefore suggests that the ν = ±1, ±3 gaps are insensitive to B .
So far we have supposed filling the n = (0, 1) sector gradually for a fixed u. When u is applied for a fixed density or ν, cases (i) and (ii) are simply connected for the ν = ±3, ±2 states but not for the ν = 0, ±1 states. We discuss this point in the next section.
VII. COMPARISON WITH EXPERIMENTS
Experimentally full splitting of the pseudo-zero-mode Landau levels has been observed [21] [22] [23] [24] [25] at high magnetic fields. The quantum numbers (especially, valley and orbital ones) of the resulting broken-symmetry states remain unknown yet, but the way they emerge with magnetic field B reveals the relative magnitude of the associated energy gaps,
In particular, Feldman et al, 21 , via conductance measurements in suspended bilayer graphene, observed full degeneracy lifting for B ≥ 3T, and noted that the ν = 0, ν = −2 and ν = −1 states become apparent at 0.1 T, 0.7 T and at 2.7 T, respectively. Similarly, in bilayer devices on SiO 2 /Si substrates Zhao et al. 22 observed full degeneracy lifting for B ≥ 20 T and noted that the resistance minima for ν = −2 and ν = −3 are barely affected by a parallel magnetic field B . Both experiments indicate that the ν = −1 and ν = −3 QH states emerge at similar magnetic fields. These observed features are consistent with our picture of the pseudo-zero-mode octet for case (i) µ Z > u ∼ 0.
The energy gaps inferred or extracted from experiments [21] [22] [23] [24] [25] . This is a mere order-of-magnitude estimate and one has to remember that experimental numbers themselves have considerable uncertainties; the value of ǫ b easily changes with the input one uses. At least, the observed values of energy gaps indicate that they are due to the Coulomb interaction, which, though screened, still sets a far larger scale than the spin and valley breakings.
The effect of an electric field E ⊥ on broken-symmetry states has also been studied 23, 25 for suspended bilayer graphene. Weitz et al. 23 measured the two-terminal conductance as a function of density and electric field at various magnetic fields. They find, in particular, that the ν = 0 state shows quantized conductance except near two large values of E ⊥ , and interpret this as suggesting the crossover of the spin-polarized ν = 0 state at low E ⊥ to layer-polarized ν = 0 states at large E ⊥ . The data also suggest a similar crossover at large E ⊥ for the ν = ±1 states.
The crossover phenomena are seen in our picture as well. In our picture the ν = 0 state is different in composition for u ∼ 0 and u ≫ u cr . The crossover of the spin-polarized ν = 0 state to the valley-polarized state, when E ⊥ is applied for a fixed density, has to proceed by changing their composition. As illustrated in Fig. 4 (a) , 
VIII. SUMMARY AND DISCUSSION
In a magnetic field bilayer graphene has an octet of zero-energy Landau levels due to an extra twofold degeneracy in Landau orbitals n = 0 and n = 1; this degeneracy is not accidental and has a topological origin. These levels evolve, in the presence of spin and valley breakings and Coulomb interactions, into pseudo-zeromode Landau levels.
In this paper we have studied the structure of this pseudo-zero-mode octet and, in particular, pointed out that its orbital degeneracy is lifted by Coulombic quantum fluctuations of the Dirac sea (the valence band). This quantum effect derives from the Dirac-sea contribution to the electron selfenergy, and the n = 0 and n = 1 modes are split due to their different spatial distributions. It is analogous to the Lamb shift, 33 which is the energy difference between the 2P 1/2 and 2S 1/2 states of the hydrogen atom due to vacuum fluctuations.
For bilayer graphene vacuum fluctuations make the n = 0 modes higher in energy than the n = 1 modes (of the same spin and valley) when they are empty, but the order is reversed when they are filled. We have seen that such vacuum effects are intimately correlated with the Coulomb interaction within the zero-mode sector so that the spectra of this special sector correctly realize the particle-hole symmetry of the basic Hamiltonian. In a sense, a multi-component version of the Lamb shift emerges in bilayer graphene owing to spin and valley degrees of freedom. It will be clear now that this quantum effect, though simply overlooked in earlier approaches that rely on Coulomb interactions projected to the zeromode sector alone, has to be properly taken into account in studying the dynamics in the pseudo-zero-mode sector.
Another finding of the paper is negative capacitance energies, which suppress possible valley rotations in the pseudo-zero-mode sector. They come from the nontrivial structure of the interlayer Coulomb interaction in bilayer graphene, such that the n = 1 modes are distributed on both layers while the n = 0 modes are localized on either layer; the valley and layer degrees of freedom are generally not the same for bilayer graphene.
Experimentally it will be a challenge to study the structure of the pseudo-zero-mode levels directly via measurements of cyclotron resonance. Cyclotron resonance obeys the selection rule 41 ∆|n| = ±1 and is diagonal in spin and valley. There is no cyclotron resonance within the pseudo-zero-mode sector at ν = 0 and ν = ±2 because of a mismatch in spin or valley. Cyclotron resonances in the 1 ↔ 0 channel will emerge around ν = ±1 and ν = ±3 with resonance energies [ranging from ∆ǫ v to (1 − 13 Such resonances are in practice rather difficult to detect because the pseudo-zero-modes carry current much smaller (by factor zM = z (u/2)/ω c ≪ 1) than other |n| ≥ 2 modes, as read from the Hamiltonian 
